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Abstract

In this work, a nonlocal-boundary value problem that includes two types of coupled systems of three first-order
nonlinear differential equations with nonlocal conditions is introduced. The existence and uniqueness results
of solutions for the Cauchy problem are obtained for certain continuous functions on time and the real line space.
A local solution is obtained first, followed by a global solution whose proof employs said a contraction principle
in the supremum norm. Additionally, the stability of solutions are analyzed. A local stability result is obtained
first by employing continuous dependence of local solutions on the space data. In order to illustrate the link
between uniform stability and global stability, in the last part of the paper we focus on a stability for global
solutions. In particular, our analysis reveals that the global solutions are uniformly globally stable.

Keywords: Nonlocal coupled system, Local and global stability, Nonlinear differential equations, Contraction
principle.
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1. Introduction
In the last decades, much of nonlocal problems have been extensively investigated by many researchers due to its
important applications in a variety of engineering and scientific disciplines. For some literature on such problems
we refer to [1-4] [6-7] [10-12] [15-17] and the references cited therein. Motivated by the recent works [8- 9], here
we fix T > 0 and consider the Cauchy nonlocal systems:
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dx
d—tlz filbx (), 0<t<T,

2 = £i(tx3(0)), 0<t<T, (1a)

?:
dx
d—;(t) = f(tx,(®), 0<t<T,

And
dx
d_t]-: fl(t,X3(t)), 0 S t S T,

2= flea®), 0<t<T, (1b)
%: f(tx@®), 0<t<T,
with nonlocal conditions
ax (1) + B (y) =xY, 0<t,<T, O0<y;<T
%5 (1) + Box2 (v2) = X3, 0<7,<T, 0<y, =T, (2
a3x3(13) + P3x3(y3) = xg‘ 0<73<T, 0<y;<T

where f; (i = 1,2,3) are given functions and a; >0, 8; >0, a; # B; V(i = 1,2,3) are the parameters. The
two nonlocal problems (1a)-(2) and (1b)-(2) can be rewritten as following:

%= fi(6x0) ©)

dat
aix; () + Bixi(v) =x), a;# Bi,i=123 (4)

where , i,j ={1,2,3},i #j, 1; €[0,T),y; € (0,T], without loss of generality, we will deal with the nonlocal
problem (3)-(4).

The aim of this work is to study the existence of at most one local (and, maybe, global) solution for the nonlocal
problem (3)-(4). Moreover, the stability of solutions will be established by verifying local and uniform continuous
dependence of local and global solutions; respectively, on the space data (i.e., the initial data, parameters, and
given system functions). The result of this work show a strong connection between uniform stable property and
global stable property of global solutions.

The rest of paper is organized as follows: the next section contains some basic notations and useful definitions
needed to prove our main results. This includes very strong regularity assumptions of continuous functions with
at most Lipschitz, which, of course, ensures their boundedness through linear growth property. In Section 3, we
derive an integral representation for the nonlocal problem (3)-(4). It also covers some basic properties of the
integral system. Section 4 is dedicated to present auxiliary lemmas required to establish our main results on the
existence and uniqueness of local and global solutions for the nonlocal problem (3)-(4) via the Banach’s fixed-
point theorem. The stability analysis of local and global solutions are investigated in the last section as well.

2. Preliminary notions

By definition, C[0, T] is the space of all continuous functions x : [0, T] - R endowed with the uniform norm defined

by x = sup{|x(t)|:0 < t < T}. We define the space Cof all vectors x = (x;,x,,%x3) € R3such that
X1, %5, x3 € C[0,T] equiped with the vector-valued norm given by ||x|l. = Yi_,llx;ll.

We recall also that, for A > 0 be givenand t,: = max{ t;, y;},i = 1,2,3, where C[t,, T] is the Banach space of all

continuous functions x on [t,, T] endowed with the weighted norm defined by ||x||* = sup{|x(t)|exp(—A(t —
tg)): to < t < T}. The vector space C* of all x = (xq,x,,x3) € R¥such that x; € C[t,, T]for i €
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{1,2,3} endowed with the vector-valued norm given by [|x||" .. = >3 . llx;||*is also a Banach space. This notations

and definitions will be used throughout the forthcoming analysis of this work. The main results will be obtained
under the following assumptions:

(A,) Foreveryi€ {1,2,3},f;: [0,T] x R - Rare continuous functions;

(A,) Forevery0 <t < T,i€{123},f;: [0,T] xR - Rasatisfy the Lipschitz continuity

Ifi(t. %) — fi(t, %) | < Li|x; — %],V x;,% € R, where L; > 0 is a constant. (5)

(43) L =max{L;:i =123} < 1/op

Remark 2.1 (Growth linearity). Observe that the assumption (A,) above yields the boundedness of f;
on [0,T] x C; indeed, for every i€ {1,2,3}, there are respectively positive finite constants M;such that
|fi(t, x]-)| < M; forevery 0<t<Tand every x; € C(0,T].

Proof. Let us first define sup cpor1f;(t,0) = p; < oo for i € {1,2,3}and then apply the inequality (5) for x; €
C(0,Tlwithi € {1,2,3} andfort € [0, T], we get

|fit. x| < |fit. %) = fit, O] + 1i(2, 0))
< Ll|xj| +‘Lll < Ll”x]” +‘Lll =: Ml,Vl € {1,2,3} (6)

3. Equivalent System Representation
The nonlocal problem (3)-(4) is equivalent to the system of integral equations

x(t) = q [xio —a; [ f; (s, xj(s)) ds— B J) ' f: (s, xj(s)) ds] + fotfl- (s, xj(s)) ds, 7
where a; = (a; + ;)" Li € {1,23},0<t<T.

Theorem 3.1. A vector-valued function x is a local solution of (3)-(4) in C (or, a global solution in C*) if and only
if it can be represented by the integral system (7).

Proof. For the direct implication, we begin by integrating the equations of (3) to get
t

x(0) = %0 + [, fi (s,%(5)) ds, (8)
Then, putting t = ; in equation (8), we get

x(1) = 20 + [T £ (5,%(5)) ds, ©
Multiplying both sides of (9) by «;, we get

@ x(1) = ax(0) + a [5 £ (5.%(5)) ds, (10)
Similarly, we can get

Bixi(v) = B (0) + Bi f)'fi (5,()) ds, (11)
By adding (10) and (11) we obtain that

x) = a;x(t) + Bixi(vi),

which implies that

x) = (Ca+ B)x(0) + o fotifi(s'xj(s)) ds+ Bi fonfi(s’xf(s)) ds.
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Therefore,
x(0) = (a;+ )7 [0 = @i 7 fi (5,2:() ) ds = B: [ i (5% (9)) ds | (12)

Substitute (12) in (8), we get
x(t) = (@ + B! [xio - a f:fi (s.%5(9)) ds = B foyifi (s.%() ds] + fotfi (s,7(5)) ds.

Conversely, we only take differentiating the equations of (7) with respect to t that immediately yields the equations
of (3). As far as the nonlocal conditions of (4) is concerned, let us first set t = t; in (7) to have

xi(1) = (a; + B! [x;’ ~ a J:ifi(s,xj(s))ds— B fonfi(s,xj(s))ds] + forifi(s,xj(s)) ds.
Multiplying the last identity by a; gives for i € {1,2,3}
a; %(z) = (e + )7 [0 — i [T £ (5,2(9) ) ds = B [ fi (5.(9)) ds | + i J fi (5,%() ) ds. (13)
similarly, we have
B %) = i + B 10 — e [ fi (5.9 ) ds = B ) £ (5.2(9) ) ds | + B [ i (5,2()) ds. (1)

Finally, we combine (13) and (14) to deduce (4), and thus the proof is finished.

In light of the fact that the functions f;,i € {1,2,3} make the integral system (7) exhibits non-decreasing
monotonicity in time t € [0, T], we state the following corollary.

Corollary 3.2. Suppose fori € {1,2,3}, f;:[0,T] X Ry, = Ry, satisfy the assumption(4,). Then the solutions
(7) of the nonlocal problem (3)-(4) are monotone non-decreasing in time.

Proof. Let the solutions x;of (3)-(4) be given by (7), then for t; < t, we have
7 Yi t
xi(t) = a; [xlo - al-f fi (s, xj(s)) ds — ,Bif fi (s, xj(s)) ds] + f fi (s, xj(s)) ds
0 0 0

<aq [xio —a; f;‘fi (s, xj(s)) ds — B; foyifi (s, xj(s)) ds] + fotzfi (s, xj(s)) ds
= x;(t2)-
Under the same assumption as in Corollary3.2, we also have the non-negativity of solutions.

Corollary3.3. Suppose fori € {1,2,3}, f;:[0,T] X Ryq = Ry, satisfy the assumption (4,). Then the solutions
(7) of the nonlocal problem (3)-(4) are nonnegative for every time.

Proof. Let the solutions x; of (3)-(4) be given by (7) with x? > 0. Then, for 0 < t < T, we have

forifi (s, xj(s)) ds < fotfi (s,xj(s)) ds forsomet; <t,i €{1,2,3},

and hence

“ Jorifi (s2)ds < fotfi (s.%()) ds,
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multiplying by a; = (a; + 8;)~1, we get

a;a; forifl- (s, x]-(s)) ds < a;a; fotfi (s, xj(s)) ds,

which implies that

a;; fotfl- (s, x; (s)) ds — a;q; foriﬁ (s, Xj (s)) ds>0. (15)
Similarly, we have

a;p; fotfi (s, xj(s)) ds —aBi [ fi (s, xj(s)) ds>0 (16)

We combine (15) and (16) to obtain that
t Ti Yi
a@+ ) [ fi(sx)ds —aa [ fi(sx))ds —aifi [ fi(s.x0))ds >0,
0 0 0
which leads to
t T; Yi
fils, x;(s))ds —aiaif fils, x:(s) ds—aiﬁij fils,x;(s))ds =0
[ o) s - [ (o)t -t [ 55 5)
Since x ) > 0and a; > 0, we have

a; [xio —q; J:ifi (s,xj(s)) ds — B; fonfi (s,xj(s)) ds] + fotfi (s,xj(s)) ds=>0

which implies that x;(t) = 0.

4. Main Results: Existence and Uniqueness of Solutions
We shall seek the existence of at most one solution of nonlocal problem (3)-(4). To do that, let us first define
the vector-valued super position H on C, given by
H@)() = (H;x;(t):i = 1,2,3), where x;(t) € C,j € {1,2,3},i # j and

Hix;(t) = a; [xlo —q; forifl- (s, xj(s)) ds — B; foyifl- (s, xj(s)) ds] + fotfi (s, xj(s)) ds. (17)

Lemma 4.1. Under the assumption(A4,), the operator H maps C into itself.
Proof. Note first that H is continuous map by the time-continuity of f; ,i € {1,2,3} as compositions of continuous
scalar functions of t € [0,T], which; indeed, is uniformly bounded by some positive constant M:=
max{M; : i = 1,2,3} < oo, where
M; = sup{|f;(t,x;(t))|: 0 < t < T}. Moreover, let x;(t) € C(0,T] and without loss of generality we assume t €
(0,T] Then, for any € > 0 there exists §(g) > t such that

&

t t
|7—[Lx](t) —}[li(0)| < f fl (S,Xj(s))| ds < f Mi ds = Mlt <
0 0 3

Thus, by taking §: = 3iMwe infer |H (x)(t) — H(x)(0)]| < € and hence # takes value in C.
We shall next state a lemma, which carries another fact to our context.

Lemma 4.2. Under the assumption(A4,), the operator  is uniformly bounded on C.
Proof. We employ the linear growth (6) for any x;(t) € €(0,T] and any t € [0, T], to get

a; [xio - ftifl- (s, xj(s)) ds — f; f}/ifi (s, xj(s)) ds] + J:fi (s, xj(s)) ds
" fi(s,xj(s))|ds+ J: fi(s,xj(s))|ds,
fi (s,x]-(s))| ds + a;f; joT |fi (s,xj(s))| ds + JOT |fi (s,xj(s))| ds,

|, (0] =

)

T

< alx?] + al-aif fi(S:xj(s))ldS+ ai.BiJ-
0 0

T
< q|x?| + aiaij
0

421 | AJAPAS: Copyright: © 2025 by the authors. Submitted for possible open access publication under the terms and conditions of the
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



< q|x?| + [ai(e; + B) + 1] J;T |ﬁ (s,xj(s))| ds,

T
< alxf] +2 [ iyl +mods

0
< aglx?| + 2T (Le||x || + we),
< a;|x?| +2TM;,
which leads to ||#;x; ()| < a;|x?| + 2TM; =: K;,i = 1,2,3. It follows that
3

IWMMsZm:K

Which proves the boundedness of 7 (C) c C.
As a direct consequence of Lemma 4.2, we obtain the following corollary.

Corollary 4.3. Under the assumptions(4,) — (43), we define the closed subset
C, = {x€C: |[x|lc <7 forsomer > 0}, sothat Lemmas 4.1, 4.2 are applicable.
Proof. From the proof argument of Lemma 4.2 above it must have
i (ag|x?| + 2T M)
1-2TL

In particular, one may take
i(ag|x?| + 2T M) _ 23K _ K
1-2TL 1—-2TL 1-2TL’

Remark 4.4. By the very similar arguments to the above proofs we can conclude the same results as in Lemmas
4.1, 4.2 hold also (under the relevant global assumptions) on the space C*, whose definition was indeed modeled
on the equivalent norm. Anyway, we will come back later on the space C*and show that, in fact, it possesses a
single global solution for (3)-(4), which exhibits uniform stability and global stability simultaneously.

4.1. Local solution in the C-space
The first main result for the existence of only one local solution in the space C follows as:

Theorem 4.5. Suppose the assumptions(4,) — (43) hold locally in C . Then, the nonlocal problem (3)-(4) admits
at most one local solution given by (7) in C.

Proof. Let x € C and let H(x)(t) be given by (17). For X € C and anyt € [0,T], we have H (¥)(t) =
(H%(t):i=123), (18)

where (X;(t) € C: j =1,2,3)and

Hi% @) = a; [xlo —a; [, f; (s, %j(s)) ds — B foy’ﬁ (s, %j(s)) ds] + fotfi (s, %j(s)) ds. (19)
Then, from (17) and (19), we deduce that

|7 () — % (0) |

Ti
< aiaif |fi (s,x]-(s)) —fi (s,%j(s))| ds + aiﬁij
0 0
t
)
0
Using (4,) we get
Ti Yi t
|7'[lx](t) _}[lf](t) | < aiaiJ Li|x]- - 5C,]| ds + aiﬁij Li|x]- - 5C/]| ds + j Ll-|x]- - %]| ds
0 0 0

Yi

fi (S, xj(S)) - fi (s, %j(s))| ds

fi(s:50)) = fi(s. %) ds

Taking the supremum and integrating on [0, T] leads to
19458 = () || < 2T Lil — %]
It follows from locally(A5), in C that one can estimate
IH ) —HE) || < 2TL|Ix — X||
Which proves that the local operator £: C — C is a contraction. Applying the local Banach’s contraction mapping
principle [13-14] for the existence of a unique fixed local solution to (7) we deduce from theorem (3.1), that the
nonlocal problem (3)-(4) has a unique local solution in C.
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4.2. Global solution in the C*-space
The second main result for the existence of unique global solution in the space C*is the following:

Theorem 4.6. Suppose the assumptions(4,) — (A3) hold globally in C*. Then, the nonlocal problem (3)-(4) has
a unique global solution given by (3.1) in C*.

Proof. Letx, ¥ € C and let 7 (x), 7 (X) be given respectively by (17) and (18). Then, for x;, X; € C[t,, T] and for
any t € [t,, T], we deduce for every i € {1,2,3}

< aq;q; fori |fi (s, xj(s)) - fi (s, %j(s))| e~ Ms—t0) gA(s=to) g
+ a;p; f}/i |f- (s x-(s)) - f; (s 3?-(5))| e~Hs7to) gAls=to)gg
P o L [add] 13 v

t
+ f |fi (s, x; (s)) —fi (s, ij(s))| e As—to)eAls—to) g
0
and, by utilizing (4,) on[t,, T], we obtain
|7'[ixj(t) — H;%; () |

T Y
< aiaif Li|x]' - k/j|€_l(s_t0)ea(s_t0) ds + aiﬁij
0 0

i
Li|x; — ¥;|e 7t e 57t0) g

t
+f Li|x; — X;| e7* ¢t eAls~to) s
0

Multiplying by e ~*(t~to)and taking the supremum when t € [t,, T] leads to

L [T L [Yi
< a;a; Ll”x] - %] j el(s_t)ds + aiﬁiLi”x]- - 5C/] f el(s_t) ds
0 0

t
+ Ly =5 [ e*e-0as
0
After integrating, we have for A > 0

(e My _ o=ar)

1 * 1
< /—1aial- Ll”x] - f] (e_l(t_ri) - e_lt) + E aiﬁiLi“xj - %J

(1= o)

1 ~

+ z Ll”xj - Xj

Then we can write for any t € [t,, T],
[ERAGERA0]|

x 1 x
(e=Mt=to) _ g=2t) +3 aBilLi||x; — % || (e At-to) — =At)

< Iaial- Ll”x] — %]

(1-e)

1 v
+ 2 Li||x]- —X;
which implies that

|| #ix; (6) — 34, () *(1 —e™M)

x 1
(e“Mt—tO) - e_lt) + E Ll”xj - %J
*(1 — e™M)

.1 5
< le”xJ —Xj

~

< %Ll”xj - Xj

1
' =3 Lillx — % e

2 ~
< le”x} - xj

* 2 *
||7'[ixj(t) —Hx%@)| < zLi”xj - %J”

Consequently, by using (43)one can estimate
2L
IF ) = H @) llew < =l = Xl

for sufficiently large A > 2L which yields the global operator 7£: C* — C* is a contraction (due to the global
fixed point theorem [13, 14]), hence, according to Theorem 3.1, the nonlocal problem (3)-(4) has at most one
global solution given by (7) in C*.
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5. Stability Analysis of Solutions
We will study the stability of local and global solutions for the nonlocal problem (3)-(4).

5.1. Stability of local solutions
We begin investigating a stability of the local solution x € C for the nonlocal problem (3)-(4) by showing its
local continuously dependence on the space data (i.e., the initial data, parameters, and given system functions).

5.1.1 Local continuous dependence on the initial data

Fori € {1,2,3} we consider the nonlocal problem

o (t, %j(t)) (20)

at
a¥ () + Bix(v) =X, a;# B, i=123 (21)

where X?are the initial data. Let us first recall the following definition.

Definition 5.1. We say that the local solution x € C of the nonlocal problem (3)-(4) is locally continuous
dependence on X° = (X?:i = 1,2,3) if for every ¢ > 0 there is §(¢) > 0, dependent on times, such that |x° —
¥°| < &implies||x — ¥||; < &, where ¥ € C is the local solution of (20)-(21).

Based on this criterion, we establish the following statement.

Theorem 5.2. Suppose as in Theorem 4.5 that (4;) — (A43) hold locally in C. Then, the unique local solution of
(3)-(4) in C depends local continuously on the initial data.

Proof. Let, due to Theorems 3.1 and 4.5, the unique local solution x € C of (3)-(4) be given by (7) and, further,
let

a0 = ol -a [ (50— 8 A sne)as |+ [ Asm0)as

be the unique local solution of (20)-(21) in C. Then, we have
% () = %,()] < agfx) — %7

+ai‘:iJ(;
+ fo f; (S,xj(S)) —fi (S"?J'(S)) |ds

(0 = %) < axd - 2]+ @ |
0
Taking the supremum for t € [0, T], and integrating over time we deduce that

fi (s, xj(s)) —fi (s,%j(s)) | ds + a; 5 foyi |fi (s, xj(s)) - fi (s, J?j(s)) | ds

Ti Yi t
Ll|x]—fj|ds+ aiﬁif Ll|x]—f]|ds +le|xJ—Jf]|dS
0 0

~ 6 ~
Il = %ill < a5+ 2L Tl — %

Then,
3

5
llx — %]l < §Z a; + 2LT||x — ||

i=1
Therefore, we obtain
3
S a
—_¥l < i=1"1 -
=3 <T—5r3 =<¢
Whenever L < —.
2T
5.1.2 Local continuous dependence on the parameters
For i € {1,2,3}, we consider the nonlocal problem
dx; «
4 (Z]0)) (22)

GX(T) + Bix(v) =xP, A # B ij=123;i%j (23)
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Definition 5.3. We say that the local solution x € C of the nonlocal problem (3)-(4) is locally continuous
dependence on a, g if for every € > 0 there is §(&) > 0, dependent on times, such that @ — &| < §;,

|8 — B] < &, implies ||x — ¥||; < ewhere § = max {5;,8,} and ¥ € C is the local solution of (22)-(23).
Theorem5.4. Suppose as in Theorem 4.5 that (4;) — (45) hold locally in C. Then, the unique local solution of
nonlocal problem (3)-(4) in C depends local continuously on the parameters.

Proof. Let the unique local solution x € C of (3)-(4) given by (7) and let X € C be the unique local solution of
(22)-(23) given by

%,(t) = 4 [x? — & forifi (s, xj(s)) ds — f; fonfi (s, fj(s)) ds ] + fotfi (s, fj(s)) ds
where d; = (& + f;)7%, i = 1,2,3. Then we have
Ti Yi
i (8) - %) = ae [ fi(s@)ds = ai [ isx0)ds

+ f"iﬁ (5,2()) ds — @ + &, f:fi (s.%()) ds + i fomfi (5.%()) ds

- fo fi (s, %j(s)) ds
aix) — a;q; J:ifl- (s, xj.(s)) ds — a;f5 foyifi (s, xj‘(s)) ds

+ aiaifo Lfl- (s, Jvcj(s)) ds — aiocifo Lfl- (s, %j(s)) ds

+ J:fl- (s, xj(s)) ds — d;x!

+ it f i (s.%()) ds

+d; B joylfl- (s,%j(s)) ds — d; B joy fi (s,x]-(s)) ds +d; p; foy fi (s,x]-(s)) ds

_ J:fi (5.%() ds

< |a; — d;lx}
T Yi
+aial~f0 |fi (s,xj(s))—ﬁ-(s,%j(s)) |ds+cvll- Eijo
t vi
+ f fi (s,xj(s)) - fi (s,%j(s)) |ds + | a;B; — ad; Bi'_fo |fi (s,xj(s))| ds

+ | a;a; — aallf ij(s))|

< la; — &;| + |ﬁl | | 0|
(a; + B)(@; + )

. Yi t
+ aiaiLif |x]-(s) =X (s) |ds +d; BiL-j |x]-(s) =X (s) |ds + L-j |x]-(s) —X;(s) |ds
0

|élﬁl _ lﬁl |alﬁvl - vlﬁl
(i + B +mj Ji(sme)las+ &S +BL)J ACHIOLE

fi(s:0)) = fi (5:%()) [ s

<| _&|+|Bl || 0|
(a; +ﬁl)(0£ + )

T T
+ al-al-Lif |xj(s) —X;(s) |ds +d; ,[?iLiJ- |xj(s) —X;(s) |ds + LiJ- |xj(s) —X;(s) |ds
0 0 0

|alﬁl Lﬁl f |alﬁl lﬂl j
(a; + B (& + ) (al + B (@& + )
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~

| a; — Vll + .BL ~ ﬁi ~
0= 01 < IR gy 5 1+ L w5
e 2|&B; — aifi + @B — &
+ LlT”x] x]' || + (al. n ﬁl)(@fl n BL) MlT
la; — ;| +|B: — Bil 0 ( B; ) ‘ 2| (B — B) — Bila; — &) '
< (al n ﬁl)(al + ﬂl) | | ((Z + ,BL + ( n ﬁl) +1) L T” ] ] ” + (ai +ﬁi)(5:i n [?L) MlT
la; — ;| + |B: — Bil 0 < B; ) 9 20;|B; — Bi| + 2Bl — &
= (al + Bl)(al + Bl) | | ((Z + .BL ((Zl ﬁl) )k T”x] xj ” * (ai + ﬁl)(&l. + 31) Mi r

By taking the supremum on [0, T], we get

o (6, +62) 0 < B; ) o
x| < +1) LiT||x; — ¥
[lx; — %] < 3, +ﬁ1)( +.Bz)| | (“1"‘[”1 ( + 5 ”xJ Xj ”
2(6;a; + 5231‘)
M T
3(“1‘ +B)(& + Bi)
Set b; —(a+ﬁ)+( Bﬁ) Pob =Y d;,n, = ?:131- and

M:=max{M; : i = 1,2,3}.

Z (a; + ﬁl)(al +4)’
Hence, by combining the last mequalities for i = 1,2,3 together with using (43), one can estimate

oy (814 87) . 28 268
llx — X|| < 13 2 |x 0| n3 bLTIIx—xII+T1MTn1n3+T2MTn2n3

a-

5 5
(1—bLT)|lx — ¥|| < T(|x0| +2MTn) + = 2 (Ix°] + 2MTn,)
Which implies if L < %then
26n3(|x°| + MT(n; + ny))
3(1—bLT)

llx — Xl <

5.1.3 Local continuous dependence on system functions

For i € {1,2,3} we consider the following nonlocal problem

N 110) (24)
ai%l(‘[ ) + ,le (yl) - xl()’ a; * ,Bi ,i = 1123 (25)

where f; : [0,T] x R — R are given system functions. We then recall the definition.

Definition 5.5. We say that the local solution x € C of the nonlocal problem (3)-(4) is locally continuous
dependence on f = ( fi:i = 1,2,3). If for every € > 0 there is §(¢) > 0, dependent on times, such that
|lf = f|l < 8 implies [lx — ¥llc <&, where ¥ € C is the local solution of (24)-(25).

Theorem 5.6. Suppose as in Theorem 4.5 that (A;) — (45) hold locally in C. Then, the unique local solution of
nonlocal problem (3)-(4) in C depends local continuously on the system functions.

Proof. Let the unique local solution x € C of (3)-(4) given by (7) and let X € C be the unique local solution of
(24)-(25) given by

()= q [xlo —q; frifi (s, Jvcj(s)) ds — B infi (s, Jvc]-(s)) ds] + jtfl (s, Jvc]-(s)) ds
Then, we have ’ ’ ’
Ti Yi
i (©) — % (0)] = e [ i (50) ds - ah [ (sx0)as |
+ fotfi (s, xj(s)) ds — a;x) + aiaijo Lfi (s, Jvc]-(s)> ds + a;f3; thi (s, %j(s)) ds
- JO fi(s,fcj(s)) ds
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Im@)—ﬁ@ﬂ=‘—m%1;ﬁ 5,%/(s)) ds - m&fnﬁ(&%@ﬂds
+ a;«a; OTlfl s, x](s) ds+ alﬁlf ﬁ(s x](s)) ds

- aalJ- fi(s.%()) ds — iﬁlf fi (5. %()) ds
f (s, (s))ds—f fi(s,%j(s))ds+f 5,%(s)) ds
+ q alJ- s, x,(s) ds+ alﬁlf ﬁ(s xj(s))ds fo fi(s,;fj(s)) ds
< al-alf fi(
+ al-al-fo 7, (s,fj(s)) - f (s,fj(s)) |ds
+ ap j 1 (59®) - £ (5.5) | ds
v o [ (5 56) =i (s56) [as + [ t
+f0t fi(s.%5) - £ (s.%()) | ds
< a4l f:|xj(s) —%(s) |ds
e jﬂ
+ af; foh

t
+ f fi (s,%j(s)) —fi (s, %j(s)) |ds
0
By taking the supremum and then integrating over [0, T]we get
llx; — %1l < (@ + a;Bi + DLT||x — % || + (@r; + @i + DT||f; = fi ||
Which implies

s, x](s)) fi (s x](s)) |ds

fi(5:56)) = fi (5. %)) [ds

fi (s, Jvcj(s)) i (s,%j(s)) | ds + a;B;L; fon|x]-(s) = X;(s) |ds
fi (s,%j(s)) —fi (s, %j(s)) |ds +1L; fot|xj(s) —X;(s) |ds

Thus,
llx — ¥|| < 2LT|lx — X|l + 2T||f — f]|
If L < % , then we get

— ¥l < <
e = ¥l < T 7 <e

The next result is a direct consequence of Theorems 5.2, 5.4, and 5.6 stated above.

Corollary 5.7. Assume as in Theorem 4.5 that (4,) — (43) are satisfied locally in C. Then, the unique local
solution of (3)-(4) is locally Lyapunov stable (LS) in C.

5.2 Stability of global solutions

We next examine the uniform stability of x € C* for the nonlocal problem (3)-(4) by verifying its uniform
continuous dependence on the space data. To do this, we recall Definition5.1 as follows:

Definition 5.8. We say that the global solution x € C* of the nonlocal problem (3)-(4) is Lyapunov uniformly
local stable (or; shortly, LUS) if for every € > 0 there isd(e) > 0, independent on times, such that
|x® — X°|* < & implies ||[x — ¥||lc+ < &, where ¥ € C*is the global solution of (20)-(21).

Theorem5.9 .Assume as in Theorem 4.6 that (4;) — (43) are satisfied globally in C*. Then, the unique global
solution of (3)-(4) isa LUS in C*

Proof. Let, due to Theorems 3.1 and 4.6, the unique global solutions x, X € C* of (3)-(4) and (21). Let x;, X; € C*
forany t € [t,, T], where

427 | AJAPAS: Copyright: © 2025 by the authors. Submitted for possible open access publication under the terms and conditions of the
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).



%) = a [’?LO - q; J:ifi (Sv‘fj(S)) ds — B; fo}/ifi (s, %j(s)) ds] + fotfi (s, %j(s)) ds,
|xj(t) - X;(t) | < ai|xi0 - J?lo| + aiaif L |ﬂ (s,xj(s)) -fi (5‘ ij(s))| e—A(—t0) pA(s—t0) g
. 0
+ a;p; Lyl
[ A(e3©) 1 (550 e-te-mero-ous

.
| () — %) | < agfx? — | + al-al-f lLl-|xj — X;|e M7t 7t0) gg
0

i (5,%() = £i (5. %,() )| e 460 eAs—t g

vi t
+ aiﬁif Li|x; — X;|e *(~to)eAs7t0) g +f Li|x; — ¥;| e 2 to)eAs~to)gs
0 0
Multiplying by e ~2(t=t0)and taking the supremum when t € [t,, T] leads to
T
f el(s_t)ds + aiBiLL-”xj - fj
0

*
~

5@ =% O < ailx? — 2| + aia; L||x; — %

Vi
*f et gs
0

t
+ Ll 5 [ e*e-0ds
0

Similar to the proof’s argument of Theorem 4.6, we integrating over [t,, T |to conclude for A > 0

*

%) = %O < a;|x? — %

Seta = Y3, a;, then

* 2 «
+ IL,'“.XJ — xj

— ¥I* < 0 _ x0p* ﬁ _ X*
llx — X|I" < alx xI+/1IIx x|

For 2 > 2L is large enough one can estimate

Remark 5.10. Note that, in Theorem 5.9, we have just proved that the unique global solution x € C* is uniformly
continuous dependence on the initial data, which sufficiently exhibits the LUS property. Also, as a consequence,
this property holds for all parameters and given system functions; indeed, the proof follows the same arguments
used in Theorems 5.4, 5.6, and 5.9. Since the stability holds for all space data (x, «, f) € D(GS) (the global
domain of existence on[0, T]), it can also be considered globally Lyapunov stable (GLS) in the sense of (3)-(4).
This follows from the fact that all possible small (or, large) perturbations in all space data should result in small
differences between solutions at all later times, ensuring the resulting solution remains entirely within C* (the
basin of attraction).

A direct consequence of Theorems 4.6, 5.9 and Remark 5.10 is the powerful connection result.

Corollary 5.11. Suppose as in Theorem 4.6 that (A;) — (A45) hold globally in C*. Then, the unique global solution
of (3)-(4) isaLUS in C*ifand only if itisa GLS in C*. More precisely, x € C* is uniformly globally stable (UGS)
in the (3)-(4) sense.

5. Conclusion
In this paper, we have studied the existence and uniqueness of local and global solutions for the nonlocal problem
(3)-(4) via the Banach’s fixed-point theorem. The sufficient conditions for the stability of solutions has been
proved by verifying local and uniform continuous dependence of local and global solutions; respectively, on the
space data (i.e., the initial data, parameters, and given system functions).
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