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Abstract

This study focuses on the (2+1)-dimensional stochastic Chiral Nonlinear Schrédinger equation, which
incorporates a multiplicative Gaussian noise component. By applying the generalized (G/G+A)-expansion
method and the Jacobi elliptic function method, various accurate analytical solutions were derived, including
bright solitons, Kink-type dark solitons, and periodic solitons. The research also evaluates the physical stability
and structural integrity of these waves under the influence of random disturbances. Numerical simulations showed
that the solutions obtained maintain their properties despite the presence of noise, which confirms the robustness
of the analytical results. These results provide important insights into wave propagation in random nonlinear
media, particularly in the fields of optical fibers and plasma physics.

Keywords: (2+1)-dimensional stochastic Chiral Nonlinear Schrodinger equation, Generalized (G/G+A)-
expansion method, Jacobi elliptic function method, Multiplicative Gaussian noise, Optical solitons.
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Introduction

Nonlinear evolution equations are essential for comprehending intricate natural phenomena in areas such as optics
and plasma physics. One key example is the Chiral nonlinear Schrédinger equation (CNLSE), which is widely
used to study wave propagation in quantum devices [1, 12]. Recently, there has been growing interest in stochastic
generalizations of these models to provide a more realistic description of wave dynamics in optical and plasma
systems [8, 11]. Two effective techniques for obtaining exact solutions are the (G/G+A)-expansion method [5, 6,
7] and the Jacobi elliptic function method [1]. For example, El-Horbaty et al. investigated optical solitons in
birefringent fibers [8], and Albosaily et al. studied the exact solutions of the two-dimensional stochastic Chiral
nonlinear Schrédinger equation (2D-SCNLSE) under the influence of multiplicative noise [9, 10].

In this study, we focus on the (2+1)-dimensional stochastic CNLSE with multiplicative Gaussian noise.
We employ the generalized (G/G+A)-expansion method and the Jacobi elliptic function method to derive exact
analytical solutions. By explicitly incorporating the system's stochastic nature into the phase of the wave envelope,
we can analyze the impact of noise on the amplitude, phase, and stability of solitary and periodic waves. We also
perform numerical simulations to illustrate the impact of noise on the obtained solutions and validate the
robustness of these analytical results under stochastic perturbations. This study provides a comprehensive
framework for investigating multidimensional stochastic nonlinear wave propagation, extending the solution
space of CNLSEs and serving as a reference for future theoretical and experimental investigations in optical and
plasma systems.

1.1 The Governing Model,

The (2 + 1)-dimensional stochastic cubic nonlinear Schrodinger equation (2D-SCNLSE) with multiplicative white
noise is given by:

i + a(Yux +Pyy) + i[b1 oz — ) + b (W5 — Y, )|y + apB(©) = 0, 1)
where ¥ (x,y,t) is a complex wave function, a is the dispersion coefficient, b;and b, are real nonlinearity
parameters, o is the noise intensity, B(t) is standard Brownian motion, and £ (t) denotes white noise.
This model is widely used to describe wave propagation in nonlinear media subject to random
environmental fluctuations, such as those in optical fibers and plasma physics.
Following the reduction steps in [9], Eq. (1) is transformed into a stochastic ordinary differential equation (ODE).
In this work, we investigate the exact solutions of this model by employing two different analytical methods to
provide a comprehensive comparative study.

1.2. Mathematical Preliminaries,

To derive exact analytical solutions, we employ the travelling wave transformation

Y,y t) =u(@e®,  §=pix+py+pst, 0 =0,x+6,y+6st, (2)
where p;, p,, ps,01,60,, and 05 are nonzero real constants and u(¢) is a real-valued function.
Substituting transformation (2) into Eq. (1) and separating the real and imaginary parts yields the following
equations. From the imaginary part, we obtain

ps = —(2ap16, + 2ap,6,), ()
From the real part, the governing equation is reduced to the nonlinear ordinary differential equation:
u’ —Pu® —Pu=0, (4
where the parameters P, and P, are defined as
2(b161 + by0,) 03 + a(6? + 63)
A B DA R B W 24 (5)

a(p? + p3) a(p? + p3)

In the following sections, two analytical techniques are applied to Eq. (4) to construct exact solitary and periodic
wave solutions of the stochastic CNLSE.

2. The (G'/G + A) - Expansion Method

To that end, using a balance between v’ with u2 in Eq. (4), we obtain N = 1. According to the scheme of this
method [5, 6, 7, 10], we assume the formal solution of Eq. (6) to be

u(®) = ap +a, (@M), ©
G($)
where a, , a;, and A are constants to be determined, such as a; # 0, and G (¢) satisfies
G"(§) +AG"(§) + uG(§) =0, (7)

where A and u are constants. It is known [8] that (G'/G) takes the following form. The (G'/G + A) method uses
the same steps:
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where C;, C, are arbitrary constants, while A= A2 — 4u. Putting Eqg. (5) along with Eq. (6) into Eq. (4),

collecting all the coefficients of powers of [%]l (i =0,1,2,3) and setting them to zero, we obtain:
[G'/G)3: 2a;, —Pad3 =0
[G'/G]?: 3a,(A —24) — 3P,a,a? =0 )
[G'/G]': a;[(A — 24)% 4+ 2(u — AA + A?)] — 3P,a%a, — Pa; = 0’
[G'/G]%: a;(A —2A)(u — AL + A?) — Pia3 — P,ap, = 0

By handing the system in Eq. (9) gives rise to

2 A
a1=i\/P:1, a0=—a1(A+E). 10

From (5) and (10), we obtain the general solution:

_(GE) 4
u) =a (@_E)' (11
And the frequencies of solutions
A2 —4u
P, = 5 (12)

Now, the solution of Eg. (4) becomes

e a
no= ij;l (e -3) a4

Case 1: If A> 0, we obtain the following six hyperbolic solutions:

u,(§) ==+ = tanh (éf), (14)
J2P, 2
Where C; # 0 and C2 =0.
u, (&) = coth <A ) (15)
\/_

Where C; = 0 and C2 # 0.

A C,
uz(é) = tanh|=¢& + tanh™?! <—) , (16)
Where C; # 0 and C2 —_0 and C2 < C%.

B n(2 e (& 17
u,(§) = _\/?Tl _cot <Ef + cot (C—2>>], a7
Where C; = 0 and C2 0, and C2 > C%.
A
us () = _1 + tanh (Ef)], (18)
Where C; = C,.
ug(€) = + 1 — coth (éf)], (19)
/ 2

Where C; = —C,.
Case 2: If A< 0, we obtain the following six periodic solutions:

u, (&) = \/_tan <_A ) (20)

Where €, # 0 and C2 =0.

us ) = £ ——cot (), (21)
\/_

Where C; = 0 and C, # 0.
© LA [t (_AE + tan™? (Cz))] (22)
u =+ an{ —— an - ,
K J2P; 2 C
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Where C; # 0 and C2 =0, and C1 < C}.

u0(8) = _\/_ Cot( &+ cot™? (%))], (23)

Where C; = 0and C, # 0, and CZ > C2.

w3y () = +—2—tan (22¢) - cot (22¢)), 24)
b

Where C; = C,. [ < A > <—A >]
Uy, (&) = tan|—¢& ) + cot (—¢ (25)
Where C; = —C,. 2\/_

Case 3: If A= 0, we obtain the following two solutions:

u3(§) = i\/le(é)’ (26)

Where C; # 0and C, = 0.
2 C,
u4(§) = \/;(m) (27)
Where C; # 0and C, # 0.

The solutions Eq. (14) — Eq. (19) exist under the constraints condition (12 — 4u)P; < 0 for hyperbolic
solutions, and (4u — A%)P; < 0 for trigonometric solutions.

3. The Jacobi Elliptic Function Expansion Method

According to the Jacobi elliptic expansion approach [1], the formal solution of Eq. (4) is assumed to be:

u() =co+ ¢ Y(E), (28)
where ¢, and c¢; are constants to be determined, and the function Y (&) satisfies the Jacobi elliptic equation:
(YN2 =aY*+BY?2+y, (29)

where a, B and y are fixed constants depending on the modulus (0 < n < 1).
Differentiating Eq. (29) gives:

Y" =2a¥Y3+BY (30)
Substituting Eq. (28) into Eq. (4) and setting ¢, = 0, this is a deliberate choice with a physical motive, not a
random choice, and thus we compare the coefficients of Y3 and Y:

Y3: 2acy—Pic3 =0 ¢ = \[%.
Y: Bcy —Pyc; =0 =B =P,.
The parameters a, 8 and y are determined by the specific properties of the chosen Jacobi elliptic functions as
follows:
Case 1: sn(§,n) solution
Taking @ = n?k?,B = —(1 + n?)k?, and y = k?, the solution is:
272

2 sn(ké, n)|e, (31)

ll)l(x'y' t) =

provided P, = —(1 + n?)k?.
Case 2: cn(§,n) solution
Taking @ = —n?k?,8 = (=1 + 2n*)k? and y = (1 — n?)k?, the solution is:

21,2

l/)2 (x' yl t) = Cn(kfr n) ei€, (32)

1
provided P, = (2n? — 1)k2.
Case 3: dn(é,n) solution
Taking a = —k?%,5 = (2 —n?)k?,and y = —(1 — n?)k?, the solution is:

2

Ys(xy,t) = dn(ks,n)|e’, (33)

provided P, = (2—n?)k?2.
Asn — 1, the solutions ¥, and i, degenerate into dark and bright soliton solutions, respectively:
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Wnoq: tanh(ké) or sech(ké). (34)
This confirms that the Jacobi elliptic function method is consistent with the (G'/G + A) - expansion method
results, providing a unified framework for studying stochastic wave structures, the 2D-SCNLSE.

4, Results and discussion

In this section, we provide a detailed analysis of the numerical simulations and 3D surfaces of the analytical
solutions extracted using MATLAB. The dynamics of wave propagation and amplitude behavior under the
influence of stochastic perturbations were studied with different optically compatible noise densities and at a
specific time t = 0.5. To ensure complete mathematical and physical compatibility with the diagonal two-
dimensional wave transform hypothesis & = p,x + p,y + pst, The software parameters were precisely adjusted
to highlight the behavior of light and dark solitons, the flowing periodic waves of the first methodology, and the
periodic behavior of the second methodology.

4.1. Results of the Generalized (G'/G + A)-expansion method

In this section, we turn to the analysis of the soliton solutions and periodic solutions generated by the first
developed methodology. Solitons are characterized by concentration of amplitude in a narrow and specific spatial
range, while the updated periodic solutions reflect extended chains of harmonious ripples affected by random
environments added by wave transformation.

By reviewing Figure (1), we notice the pure geometric comparison between the three generated patterns. Section
(a) explains the solution of the true bright soliton (Genuine Bright Soliton Profile) formed via the spatial derivative
as an isolated, rising pulsating peak (Bell-shaped peak) that is efficiently centered and emanates from a stable and
stable bottom level at the equilibrium level, where the combined group coefficients are set at (A= 1.5, p; = 0.4,
p, =0, p; = —0.25, ¢ = 0.15). On the other hand, Section (b) highlights the dark soliton solution (u, Profile),
which represents a local gap or sharp drop in amplitude that descends steadily in straight valleys parallel to the
spatial axes as a result of regular orientation and zeroing of the second component, with actual parameters of (A=
1.4, p; = 0.64, p, =0, p; = —0.4, 0 = 0.15). Concluding the visual comparison, Section (c) presents the
Genuine Smooth Periodic Wave Solution, in which the anomalous sheared walls have completely disappeared
thanks to the updated sinusoidal formulation. Here we notice the rotation and flow of the geometric structure of
the waves to appear as oblique and frequent mountain ranges extending diagonally across the spatial network as
aresult of fully activating two-dimensional orientation with equal actual coefficient values for the two axes ( p; =
p, = 0.175, p; = —0.14) and with high noise intensity (¢ = 0.25), which reflects the random appearance and
the picturesque colour depth without a structural collapse of the solution. Physicist.

4.2. Results of the Jacobi Elliptic Function Method

This method is based on the class of Jacobi elliptic functions, and the solutions are projected into a planar spatial
grid extending from -15 to 15 on the x-axis to ensure that the wave train is clearly accommodated, with the rotation
coefficient of the second axis p, = 0 zeroed out to make the direction of wave propagation straight and parallel
to the computational axes based on improving the visual perspective and the required vertical matching.

The figure (2) shows the three cases of elliptic solutions side by side, where branch (a) shows the sn-type periodic
solution that is symmetrical around the zero equilibrium level and is prominent despite the surface wrinkles
resulting from Gaussian noise ¢ = 0.2. While in section (b) the smooth sinusoidal solution of type cn-type is
shown, which was produced under a negative system parameter P, = —2 to avoid imaginary values. Finally, the
branch (c) represents the positive-definite dn-type wave structure that rises completely above zero in bell-like
pulses, which as a whole reflects the stability and diversity of these elliptical solutions in turbulent environments.
The graphical representations of these solutions are displayed below in Figure 1 and Figure 2:
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(a) Bright Soliton (b) Dark Soliton

u(x,y)

(c) Periodic Wave

|
o
Wave Amplitude u

u(x,y)

10

X

Figure 1: 3D numerical simulations of the solutions obtained via the enhanced (G/G+A)-method under
stochastic perturbations at a fixed time t = 0.5: (a) Bright soliton profile with parameters: A= 1.5, p; = 0.4,
p, =0, p; = —0.25, and noise intensity ¢ = 0.15.(b) Dark soliton profile (u,) with parameters: A= 1.4,
py = 0.64, p, =0, p; = —0.4, and noise intensity ¢ = 0.15.(c) Smooth periodic wave with parameters:
p1 = p, = 0.175, p; = —0.14, and noise intensity ¢ = 0.25.
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Figure 2: 3D numerical simulations of the solutions obtained via the Jacobi elliptic function expansion method
under stochastic perturbations at a fixed time t = 0.5 and a linear spatial network p, = 0. (a) sn-type solution
with parameters: n = 0.85, P; = 2, p; = 0.7, and noise intensity ¢ = 0.2. (b) cn-type solution with
parameters n = 0.58, P, = —2, p; = 0.2, and noise intensity ¢ = 0.2. (¢) dn-type solution with parameters
n = 0.50, P, = -2, p; = 0, and noise intensity ¢ = 0.2.
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4.3. Comparison of Methodological Approaches

The results presented in this research show that the integration of the (G'/G + A)-expansion and Jacobi elliptic
equation methods creates an extensive system for determining precise solutions to the (2+1)-dimensional
stochastic CNLSE. In contrast to earlier deterministic studies [5, 6, 7], the current work includes multiplicative
noise through a stochastic phase component, offering a more faithful representation of wave dynamics in irregular
media. Localized Structures: The (G'/G + A)-expansion technique is efficient at producing bright and dark
solitons as well as rational solutions, demonstrating the balance of dispersion and nonlinearity. Periodic
Transitions: The Jacobi elliptic approach yields sn, cn, and dn type solutions that transform into hyperbolic
solitons when n reaches 1, connecting periodic and solitary structures.

4.4. Physical Interpretation of Stochastic Effects

In stochastic terms, noise intensity o mainly affects phase behavior, resulting in stochastic displacements and
minor amplitude variations. Crucially, the soliton's core structure stays intact under moderate noise. This resilience
aligns with findings in plasma physics and fiber optics, where external noise impacts phase consistency but leaves
nonlinear wave patterns unharmed. Ultimately, while localized formations are identified by the (G'/G + A)
technique, periodic movements are characterized by the Jacobi method, broadening the stochastic CNLSE solution
range to act as a reference for subsequent studies [9, 10, 11].

5. Conclusion

This study concluded by successfully analyzing the coupled nonlinear Schridinger equation (CNLSE) with
dimensions (2+1) in a stochastic context. The validity and reliability of the results were confirmed through several
indicators: It was shown that the inferred elliptic Jacobi solutions automatically lead to the classical soliton
solutions when approaching the limit n — 1, which ensures their compatibility with the known deterministic
models.

The general expansion method (G/G+A) has also proven its efficiency in generating distinct solution systems that
are fully consistent with the auxiliary equations and previous literature in the case (A = 0). Moreover, the results
showed that despite the multiplicative noise effect, the stability of the wave patterns reflects a precise and stable
balance between nonlinearity and dispersion forces.

Based on the above, this study confirms the effectiveness of the proposed analytical framework in studying
nonlinear media subject to random effects.
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