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Abstract:

We study the existence and uniqueness of solutions for a system consisting of two coupled nonlinear first-order
differential equations involving implicit derivatives. The study focuses on systems described under multipoint
nonlocal boundary conditions in two-dimensional, bounded and convex domains. Using an appropriate
transformation, such implicit differential system is reduced to a corresponding integral form to analyze its fixed
points in a product Lebesgue space. We follow closely Schauder’s approach employed to establish a rigorous
existence result; in particular, we verify the compactness of the operator via the Kolmogorov compactness
criterion. Uniqueness of solutions is further investigated by adapting certain conditions due to Banach
contraction technique. More notably, we prove that despite the derivatives being defined in the integrable space,
the solutions exist in the product space of absolutely continuous functions. The relaxed problem involving
nonlocal integral conditions of the coupled system type is also successfully treated by the same framework.
Finally, numerical simulations are performed in MATLAB to support our theoretical findings.

Keywords: Coupled nonlinear system, Nonlocal condition, Schauder’s fixed-point theorem, Existence and
uniqueness of solution, Kolmogorov compactness criterion, MATLAB.
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1. Introduction

Coupled systems of differential equations are fundamental to modeling dynamic processes in various scientific
areas such as chemical kinetics, neural networks, and ecological systems. Implicit differential equations, in
which the highest-order derivative is not explicitly isolated, often occur in the modeling of constrained physical
systems. However, the analysis of these implicit systems is difficult because standard explicit numerical and
analytical methods cannot be directly used to follow the evolution of their state variables.

Recently, researchers have started exploring the area of differential equations having non-local boundary
conditions as compared to traditional differential equations with initial value problems [1-4, 6-10, 12, 15-21].
In contrast to the classical concept of conditions, which depends upon only one point, the concept of non-local
conditions considers more points in their calculations. The non-local concept is considered a more real model of
physical problems, as local models cannot deal with *memory or heritance” problems. Many of those articles
have studied the solution behavior of an implicit system having multi-point or fractional nonlocal constraints.

Motivated by these developments, the present study contributes to the current literature by investigating a
more generalized parameterized coupled implicit system. In particular, we fix T € (0,00) and consider the
nonlinear coupled system of two 1%*-order implicit ODE

u(r) = (p(‘r,l'?(r)), a.e. T€(0,T], 1)
v(t) = w(r,u(r)), a.e. T€(0,T] )
subject to the multipoint nonlocal conditions
w(© + Y ou@) =, n.€OT], @
v(0) + wav(ek) = v, 6,€(0T], )

where ¢ and i are given real-valued functions, o, and w, are positive real parameters for ¢ € {1,2, ...,n} and
ke{1,2,..,m},and u,, v, € R.

The most important aim of this study is to analyze the existence and uniqueness of solutions, as well as their
continuous dependency on the parameters of problem (1)-(4) under suitable hypotheses on the nonlinear
functions ¢ and . This can be achieved by reformulating the system into an equivalent functional setting via a
fixed-point framework. In this context, our problem shall be first presented in terms of fixed points for the
derivatives; namely, £ = wand ¢ = v lying in a Lebesgue space. Of course, the integrability of those derivatives
will ensure that the state variables u and v are continued in the space of absolutely continuous functions. We
would like to make it clear that this change of variables is crucial because, regardless of the non-smoothness of
the derivatives, the solution will still be continuous, hence imparting physical meaning to the nonlocal
conditions.

In order to derive some sufficient conditions for the existence of solutions under weak measurability and
integrability restrictions, we have employed Schauder's principle along with the Kolmogorov compactness
criterion. Additionally, certain contractivity conditions are developed to guarantee the uniqueness of the
solution. As an application of our theoretical results, a more general case of our problem will be further
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investigated by relaxing the discrete conditions (3) and (4) into their continuity of time averages. More
precisely, the coupled differential equations (1) and (2) associated to the nonlocal integral conditions
T

u(0) + f u(t) dt = u,, (%)

T

v(0) + f v(t) dt = v, (6)

0

would have the same conclusions under identical structural conditions. Finally, a numerical example is provided
to illustrate the analytical findings, accompanied by MATLAB simulations to visually confirm our results.

2. Preliminaries

Let us begin by recalling some basic notations and well-known facts are necessary throughout the forthcoming
analysis of this manuscript. Fix 0 < T < o and denote by 7 the closed interval [0, T] of the real space R. As
customary, £ denotes the Lebesgue measure on R and the Euclidean norm on R is denoted by |-|. The space
L*(9) stands for the set of all functions &:7 — R which are Lebesgue measurable and such that f7 [€]dL is
finite. We denote the associated norm by||&[| 1. Of course, the L*-space forms a Banach space for the standard
norm [|€]|,» = fy |€]dL. One of the spaces we consider is L' := L'(J; R?) which consists of all couples

(£,0):7 — R? of the functions &, € L1(J) that are Lebesgue integrable. This LL!-space forms a Banach space
when endowed with the norm |[(¢, O |lgz = lI€]l 2 + 11| ;2. Another space which naturally appears is AC(9),
the set of all paths u: 7 — R that are absolutely continuous. We recall that a function u € AC(J) if and only if it
can be represented in the form

u(t) = u(0) + jrf(t) dt forall te7,
0

where & =1 € L1(7) is its weak derivative, defined almost everywhere (a.e.) with respect to the Lebesgue
measure L. Under this framework, AC(J) forms a Banach space when endowed with the norm |[u]l . =
[u(0)] + |lull;. We denote by AC := AC(J; R?), the set of all couples (u,v):7 - R? of the absolutely
continuous paths u, v € AC(7), equipped with the norm
I, V) llac = llullac + llvllac -
We also recall the following concepts that play a key role in establishing our main results.

Theorem 2.1 (The L'-Kolmogorov criterion [5, 14]). A bounded subset X € L! is relatively compact if and

only if the uniform convergence (&, ;) — (&, ) holds in the LL1-sense over X as € - 0, where
T+e&

&) = % E)dt, ¢.(v) = % fr+£{(t) dt forevery 0<t<T—e¢.

T

Theorem 2.2 (Schauder’s principle [11]). Let C be a nonempty, closed, and convex subset of a Banach
space B. If the mapping A: C — C is continuous and compact in B, then there is at least one fixed point in C.

3. Existences of the solutions

Before stating our main results, let us first recast the nonlocal coupled problem (1)—(4) by setting
E@) =ult), <J{@@)=v() for 7e€I\{0}

It turns out that the coupled differential equations (1) and (2) can be rewritten down as
§@ = ¢(1,4(@), €0} ()
(@) =9(r,¢(»), TeI\(0} ®)
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Next, we consider the coupled functional equations (7) and (8) under the following constraints:

(C1) The functions ¢, : 7 X R - R are Lebesgue measurable in 7 for everywhere in R, and continuous in R
for Lebesgue almost everywhere in 7.
(C2) There exist functions u, v € L'(7) such that |¢(z,")| < u(z) and [¥(z,")| < v(z) forall T € 7.

(C3) There exist constants M, N > 0 such that [, u(r)dr < M and [, v(r)dr < N.

We are now ready to state:

Lemma 3.1. Suppose all (C1)—(C3) hold. Then, there exists at least one integrable solution in L.! satisfies the
coupled functional system (7)—(8).

Proof. Let y = (¢,0)* € X, where
X={¢ell: ||&l,: <M, ||{|l;s <N forsome M,N > 0}

is a nonempty, convex and closed subset of 1. Clearly, ||x||,2 < oo. We define the operator A over X by

Ax(@ = (@), ¥E(@)",  Te0}, ©
where the coupling component operators are given by
®(0) = ¢(r,{(®), Y@ =9(r,§(@), TEI\{0}

Utilizing the constraints (C1) to (C3), one obtains the following uniform bounds

¢l = j|¢(5:§(s))|ds sfu(s)dssM,
0 0

1Pl = f lw(s, &(s))|ds < f v(s)ds < N
0 0

which lead to (@, P€)* € X. This showing that <4 maps X into itself (that is; A(X) € X). Furthermore, since
0,0, Y, &) € L1(7) via (C2) and ¢(7,),¥(z,”) € C(R) via (C1), we infer that the continuity of coupling
map (@, ¥) over X yields that the operator A: X — X is continuous in IL1. All that remains to be shown is the
relative compactness of A (X) in IL! according to Theorem 2.1. To this end, we observe that the boundedness of
X ¢ Lt implies that (@, ¥)(X) is bounded in I, so that A(X) € L! is uniformly bounded. We next claim that

(Ax)e = Ax uniformlyin L' forevery y € X ase - 0.
To verify this, we let y, = (&,,{.)* € X such that y, — y as € - 0 and estimate the identity
I(AX)e — Axllpr = 1@ — SN2 + (W) — Pl (10)

Evaluating the first L'—norm on the right-hand side, one has

T 1 S+e
109 = #la= [ || #5@ de- @5 ds

0

1 s+e
<[ 2] lo(ez®) - (o) deas.

By setting t = s + r with r € [0, €] and applying Fubini’s theorem one gets

Tl &
100 = ¢l < [ = [ lo(s +7.86+1) = o(s.¢6)|ar ds
0 0

1 & T
= Efo fo lo(s + h3(s +1) = o(s,8()| ds dr .

As for the second L'—norm, it can be computed analogously as follows

19—l = [ |o] v ae - we)|ds

0

<[+ T £©) = s, £(5))] de ds
- 0 € S ' ' .

Since @ (-, 0),¥(,, &) € L1(3) by (C2), the Lebesgue differentiation theorem ensures that for every Lebesgue
point s € (0, T], the following integral means vanish pointwise almost everywhere

T
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-0

1 s+e&
lim; |(p(t,{(t))— (p(s,{(s))|dt=0,

1 S+&
lim — [p(t,e®) — (s, &(s))|dt = 0.

&£-0

Indeed, since 0 < r < ¢, taking the limitas ¢ — 0 forces r tends to zero, which directly gives

E[p o {](r) :=f |<p(s+r,((s+r))— <p(s,((s))|ds:>0,

B o £10) = [ (s + 7,66 +1) = 9(5.6®)| ds — 0
0
If one defines E, (¢) = gra}g{E[go o {](r)}and E,(¢) = gEi)i{E [y o €](r)} as their uniform bounds, it follows

from the Lebesgue dominated convergence theorem [13, 14] that
1 &
o[ Floe i ar < B —0,
£ 0 -0

1 &
;jﬂ Bl o €1(r) dr < Ey(6) —— 0

which confirms the required uniform equicontinuity of (&,%)(X) in the mean (due to Theorem 2.1).
Consequently, the L'-norm of the difference (Ayx), — Ay in (10) converges uniformly to zero over the
bounded set X as € goes to zero, which justifies our claim above in the L'-sense. The proof is completed by the
noticing that, in view of Theorem 2.2, as the continuous and compact mapping A:X — X possesses a fixed
point y € X, we may thus deduce that the coupling map (@, ¥) has the desired integrable solution in I which
is (@, &)t = (&,{)7 satisfying the equations (7) and (8).

O

The next theorem basically states that an explicit formula for a solution to the nonlocal coupled problem (1)—
(4), which corresponds to the L'-solution of the coupled functional system (7)—(8), is; indeed, absolutely
continuous over J.

Theorem 3.2. Let >, 0, # —1 and Y-, w, # —1. If the assertation of Lemma 3 holds, then the nonlocal
coupled problem (1)-(4) admits at least one absolutely continuous solution in AC.

Proof. Our knowledge that ¢(7) = u(t), {(t) = v(7) allows us to integrate the both identities from 0 into 7 to
get

u(®) = u(0) + ff(t)dt, v(0) = v(0) + fri(t)dt.
0 0

Inserting the nonlocal conditions (3) and (4) respectively into these integral equations leads to

n m
u@ = uy = Y qum)+ [ §@dn v@ = v - Y wwOI+ [ (@ (10
=1 0 k=1 0
Plugging 7 = n, and T = 6, into the respect equations in (10), one sees that
n un n Ok
) =, = ) quim)+ | £©dt, v0) = v - ) ww@I+ [ @)t (11)
=1 0 k=1 0
Comparing the equations in (10) and (11) in both respects, this gives
un T Oy T
wm) = @+ [ f@de- [ @dn vO) = v@+ [ @de- [ @ 12)
0 0 0 0

Then substituting the equations in (12) into those in (10); respectively, one obtains the expressions

u(@) = u, — Zq [u(‘r)+ "ewyde - J-Tf(t) dt] + frf(t) dt |

v(D) = v, —iwk [v(r) + fo o fo ) dt] + fo t@ dt
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which implies

n M T

u(@) = (1+0)! [uo— Yo swar|+ [ s@a, 1)
=1 0 0
m Oy T

v(®) = (1+w)! [vo—zw,c [ c@ae| + [ c@a )
k=1 0 0

where ¢ =Y-,0, and w = Y e, w,.. From Lemma 3.1 along with the integral forms (13) and (14), we
conclude the existences of at least one absolutely continuous solution to problem (1)-(4); namely, w =
(u,v)? € AC such thatu, v € AC(7) with ||wllac = llullac + llv]lac and this ends the proof.

m}

As a direct consequence of previous results, the standard equivalence between the nonlocal coupled problem
(1)—(4) and the coupled system of integral representations (13) and (14) reads as

Corollary 3.3. A couple of functions w = (u, v)* is a solution of the nonlocal coupled problem (1)—(4) in AC if
and only if it can be represented by the coupled integral equations (13) and (14); respectively.

Proof. Obviously, the direct implication follows immediately from Theorem 4. We next show the reverse by
differentiating both sides of (13) and (14) in t to get

W@ =@ =9(r.¢(@), @) ={@ =9¥(r,¢([@).
Then we plug T = 0 into both equations (13) and (14), which have the forms

n m
0) =(1 1y, — E . dt |,
u(0) =(1+o0) [u Lzla | () t] (15)
m O,
0= -1 O—E B del.
v(0) = (1+ w) Iv Kzlw | {(@®) tl (16)

Setting r = n,and T = 6, in (13) and (14), and multiplying by >, g, and Y7, w,; respectively, gives
n

Z ou(n)=>0A+0o)" zn: o, [uo — zn: o, Omf(t) dt

n m
A dt,
+Za | §(t)dt (17)

=1 =1
Y w6 = 1+ 0) ) w, Ivo Xy S|+ a, :’Cc(t)dt. (18)
k=1 K=1 K=1 k=1

Combining the initial solutions (15) and (16) with corresponding nonlocal equations (17) and (18), we retrieve
the nonlocal conditions (3) and (4). Thus, the nonlocal coupled problem (1)—(4) has at least one solution w =
(u,v)* € AC, which gives the desired conclusion.
O

4. Uniqueness of the solution
For the uniqueness result, we consider the nonlocal problem (1)-(4) under the further constraints:

(C4) For each ¢,{ € R, the mappings 7 = ¢(t,¢) and T — Y (z, {) are Lebesgue measurable on 7,
(C5) There exist constants £,,¢, > 0 such that forall t € J

|(p(T,f) - (p(T' g)' < €1|€ - g' , |ll}(T' Z) - ll}(T! Z)' < ‘£2|Z - Z’| for every E'Elﬁ (!Zl ER,
(C6) ¢ = max{#;,¥,} < 1.

Theorem 4.1. Suppose all (C4)—(C6) hold. Then, there exists at most one solution in AC satisfies the nonlocal
coupled problem (1)—(4).

Proof. Let y = (§,0)* and ¥ = (§,{)* be two integrable solutions of the coupled functional system (7)—(8)
in 1. By using the operator definition (9) and employing the corresponding L!-norms for @& and ¥{ over 7, we
evaluate the subtraction of Ay and A} in the L1-norm as follows
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Ay = AX llyr = ||#§ = DE || 1 + [|#¢ =¥ 2

1 1
= [le@o - p@E) |dr+ [ Wy - vy lar.
0 0
Then, by utilizing the Lipschitz inequalities in (C5), one obtains
1 1
Iy = Azl < & [ 6@ - E@ldr+ ¢ [ i@ - (@) de
0 0
< 4§ =&+l =3, -
By setting ¢ := max{#,, £, } , it follows that the above inequality reduces to
lox = Az s < € (Jlg = Ells +1ls =711
which implies the following estimate for the L*-norm

leAx = AX Ml < € llx = X e

Since £ < 1 due to (C6), the operator A is a strict contraction on L!. Consequently, due to the Banach
contraction principle [11, 14], A admits at most one fixed point, which yields the existence of a single y € L.
Since y = (§,0)* with & ¢ € L'(7) is uniquely determined, we infer that the unique initial data w(0) =
(1(0),v(0))* can be explicitly found by (15) and (16). Thus, the uniqueness of ¢, ¢ along with u(0), v(0) gives
directly the uniqueness of the solution w = (u,v)* € AC, as desired.
[m]

5. Nonlocal integral conditions

Let w= (u,v)* € AC be the solution of the nonlocal coupled problem (1)—(4), wherew,v € AC(J). We
introduce the two finite partitions of the interval J satisfying

0<gy<o <+<pg,<1 and 0<8y <6 <<68, <1

By setting the parameter increments o, := o(t,) = 0, — 0,-1 for n, € (0,_1,0,) with t =1,2,...,nand w, =
w(t,) = 6, — 6,_4 for 6, € (5,4, 6,) withk = 1,2, ..., m, the nonlocal boundary conditions (3) and (4) can
be equivalently expressed as the discrete forms

u(O) + Z(Qt - QL—l) u(TIL) = Uy, n € (Ql—l' QL) )

Lml
VO + ) G 6= Uy, O € (BenB).
k=1

Taking the limits respectively in both equations as n — oo and m — oo, one has

n
w(0) + lim > (e, = o) uln) = u,
=1

m
»(0) + lim Z((SK— S ) V(0) = v, .
m—oco
K=1

Consequently, the continuity of w = (u,v)* € AC leads to the convergence of the Riemann sums in last
equations and; indeed, they can be reduced directly to the nonlocal integral forms (5) and (6).

Corollary 5.1. Assume that all constraints of Theorem 3.2 (or, respectively, Theorem 4.1) hold. Then, the
coupled differential equations (1) and (2) associated to the nonlocal integral conditions (5) and (6) admit at
least (respect. at most) one solution w € AC.
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6. Numerical Example

In this section, we provide a numerical example to illustrate the applicability of our theoretical results. Consider

the following coupled differential equations

1 1
S SN
u(r) = TR sin(@(r)), a.e. T € (0,1],

v(T) = % 2 + %ln(l + |u()]), a.e. 7€ (01]
subject to the nonlocal boundary conditions
u(0) + 0.3u(0.5) + 0.2 u(1.01) = 4,
v(0) + 0.4v(0.4) 4+ 0.1 v(0.9) = 6.
Let us first define the nonlinear functions

11 SONE SRR T
(p(‘[,v)—ﬁe +Esm((), 1[)(T,u)—§‘r +E n(1+ [&]).

By mapping the system onto the space L!([0,1]; R?) using the state transformations & =% and { = v, we
obtain the corresponding functional equations

1 1
(@M =9 = 0 e’ +E sin({),

1 1
(@ =8 =g >+ I+ D).
Here, the discrete nonlocal boundary parameters are given by

0, =03,0,=0.2,n;, =0.5,n7, = 1.01,u, =4,
W, = 0.4, Wy = 0.1, 91 = 0.4, 92 = 0.9, Uy = 6.

Notice first that both functions ¢ and v are clearly Lebesgue measurable with respect to time variable 7 (due to
the continuity of e~ and 72 on [0,1] for any fixed &,{ € R) and continuous with respect to the state variables &
and ¢ (due to the respect continuity of sin(¢) and In(1 + |&]) everywhere on R for any fixed 7 € [0,1]).
Moreover, since |sin({)| < 1 and In(1 + |¢&]) < [€| (due to |&] = 0) for all £,{ € R, one can use the triangle
inequality to have the following bounds

1 1 1 1
o@Dl < e+ =u@®,  WEHI<g T+l =v@).

As both u and v are time-continuous on[0,1], they are integrable and it follows that u,v € L1([0,1]). In
particular, for any T € [0,1], we observe that e < 1 and 72 < 1, so one may choose the constants M > 1/6
and N = (1/8) + (1/12)||€]|, such that the following L!-norms estimates over [0,1]

1 1 1 1
= < _ —_ <
lloll 2 fou(t)dt_fo (10+15)dt_M

Yl = folv(t) dt sfol (%+ %IEI)dt <N

Confirm that ¢ and v fully satisfy constraints (C1)—(C3). Furthermore, since Y2, 0, = ¥2_; w, = 0.5 # —1,
we infer from Theorem 3.2 that the given example has at least one solution w = (u, v)* in AC([0,1]; R?).
Next, we turn to the uniqueness of the solution. For any &, &, ¢, { inL'([0,1]), we have

0.0~ 9(5.0)] = 1 lsin@ — sin(?)| < 15 ¢
WO — w58 = In + 16D~ In(1+ [ED)] = 5 |¢ - £1.
Thus, the respective Lipschitz constants are £, = 1/15 and £, = 1/12. It follows that
£ = max{4,,4,} = % ~ 0.0833 < 1.

Hence, as all constraints (C4)—(C6) are fulfilled, Theorem 6 asserts that the given example has only one
solutionw = (u,v)* € AC([0,1]; R?).
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f&olutiops u(t),lv(t) in AC[0,1]

4 : =
—U(t)
v(t)
=
5 3.5 .
W
@
=
© L 1
> 3
25 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (1)
0.15 Derivatives (Fixed Point) in L [0,1]
g == —u'lt|4
= = = =t
C 01~ _ -7 .
= - - .-
k] T m=-Z
o 0.05 - S R —-——————
= -
E — — -
> ————— —

The figures above illustrate the numerical solutions and their corresponding derivative profiles for the
nonlinearly coupled differential system given by our example. The upper plot depicts the state
trajectories u(t) and v(t), which display smooth and continuous behavior within the space of absolutely
continuous maps AC([0,1]; R?). These trajectories strictly fulfill the nonlocal integral-point boundary
conditions at the specified evaluation points, achieving the exact target values of 4 and 6. The lower plot
illustrates the derivative functions w(z) and ¥(t) residing in the I.1[0,1] Lebesgue space. The decreasing trend
of ©(7) is directly governed by the decaying exponential term e~%, whereas the quadratic term 72 accounts for
the monotonic increase of v(7). The distinct intersection of the two derivative profiles near t = 0.65 reflects
the strong nonlinearly coupled interaction of the system, confirming the existence and uniqueness of a stable
fixed-point solution as established by the Banach fixed-point theorem.

The visual representations play a crucial role in complementing the analytical proof of existence and
uniqueness. The figures above demonstrate that the generated state trajectories belong to the space of absolutely
continuous functions AC[0,1], confirming the existence result. Moreover, the steady and unique profiles of the
derivative functions in IL1[0,1] provide numerical evidence of the contraction mapping principle (Banach fixed-
point theorem), guaranteeing that the system possesses a single stable solution satisfying all nonlocal
constraints.

7. Conclusion

This paper presents theoretical and numerical study of a nonlinearly coupled first-order differential system with
nonlocal boundary conditions. Existence and uniqueness of solutions in AC[0,1] with derivatives in L1[0,1] are
proved using the Banach Fixed Point Theorem. Direct numerical simulations in MATLAB validate the
theoretical results, demonstrating precise satisfaction of the nonlocal constraints.
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